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CONVEXITY OF THE WEIGHTED MABUCHI FUNCTIONAL AND
THE UNIQUENESS OF WEIGHTED EXTREMAL METRICS
ABDELLAH LAHDILI
Abstract. We prove the uniqueness, up to a pull-back by an element of a suitable
subgroup of complex automorphisms, of the weighted extremal Ka¨hler metrics on a
compact Ka¨hler manifold introduced in our previous work [26]. This extends a result
by Berman–Berndtsson [6] and Chen–Paun–Zeng [15] in the extremal Ka¨hler case.
Furthermore, we show that a weighted extremal Ka¨hler metric is a global minimum of
a suitable weighted version of the modified Mabuchi energy, thus extending our results
from [26] from the polarized to the Ka¨hler case. This implies a suitable notion of
weighted K-semistability of a Ka¨hler manifold admitting a weighted extremal Ka¨hler
metric.
1. Introduction
In a previous work [26], we introduced the notion of a weighted extremal Ka¨hler
metric on a Ka¨hler manifold X, endowed with a Ka¨hler class α ∈ H1,1(X,R), a fixed
compact real torus T inside the reduced group Autred(X) of complex automorphisms
of X, and two arbitrary smooth positive functions (called weights) v,w defined on the
fixed momentum image Pα ⊂ Lie(T)∗ for the action of T with respect to any Ka¨hler
representative of α. More precisely, given these data, for any T-invariant Ka¨hler metric
ω ∈ α with normalized T-momentum map mω : X → Pα, we define the v-scalar
curvature by
(1) Scalv(ω) := v(mω)Scal(ω) + 2∆ω(v(mω)) + Tr(Gω ◦ (Hess(v) ◦mω)),
where Scal(ω) is the scalar curvature of ω, mω : X → t∗ is the momentum map of the
T-action normalized by mω(X) = Pα, ∆ω is the Riemannian Laplacian of the Ka¨hler
metric ω and Hess(v) is the hessian of v, viewed as bilinear form on t∗ whereas Gω is
the bilinear form with smooth coefficients on t, given by the restriction of the Ka¨hler
metric ω on fundamental vector fields. In a basis ξ = (ξi)i=1,··· ,ℓ of t, we have
Tr(Gω ◦ (Hess(v) ◦mω)) =
∑
1≤i,j≤ℓ
v,ij(mω)(ξi, ξj)ω,
where v,ij stands for the partial derivatives of v with respect the dual basis of ξ.
Let w ∈ C∞(Pα,R) be another smooth positive function on Pα. Similarly to the
approach pioneered by Calabi [10], we are interested to the problem of finding a T-
invariant Ka¨hler representative ω of α for which Scalv(ω)/w(mω) is the momentum
potential of a holomorphic vector field inside the Lie algebra t of T. We have shown in
[26] that the problem reduces to solve
(2)
Scalv(ω)
w(mω)
= ℓext(mω),
where ℓext is the (v,w)-extremal affine-linear function on t
∗, determined from the data
(α,T,Pα, v,w), and we shall refer to a Ka¨hler metric satisfying the above condition as
a (v,w)-extremal Ka¨hler metric on (X,α,T,Pα, v,w).
Notice that if we take T = {1} and v = w ≡ 1, we obtain the much studied problem of
the existence of cscK metric in α whereas taking T to be a maximal torus in Autred(X)
and v = w ≡ 1, our problem reduces to the famous Calabi problem of the existence of
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an extremal Ka¨hler metric on (X,α). As we have noticed in [26], there is a number
of other natural problems in Ka¨hler geometry which can be reduced to the search
of (v,w)-extremal Ka¨hler metrics for special choices of T and the weight functions v
and w, including the existence of conformally Ka¨hler, Einstein–Maxwell metrics [3], the
existence of extremal Sasaki metrics [1], the existence of Ka¨hler–Ricci solitons [24, 25, 7],
prescribing the scalar curvature on compact toric manifolds [20] and on semi-simple,
rigid toric fibre bundles [2] as well as the recently introduced µ-cscK metrics in [25].
For a fixed T-invariant Ka¨hler metric ω ∈ α let K(X,ω)T denote the space of smooth
T-invariant Ka¨hler potentials with respect to ω, i.e.
K(X,ω)T = {φ ∈ C∞(X,R)T|ωφ = ω + ddcφ > 0}.
For φ ∈ K(X,ω)T we denote by mφ : X → t∗ the corresponding ωφ-momentum map,
normalized by the condition mφ(X) = mω(X) =: Pα or equivalently by mφ = mω+d
cφ
and by Scalv(φ) the weighted scalar curvature of ωφ introduced by (1). Also, we use
the usual convention to denote by ω
[n]
φ :=
ωnφ
n! the associated volume form. Following
[26], for two weight functions v,w ∈ C∞(Pα,R) such that v > 0 and w is arbitrary, a
Ka¨hler potential φ ∈ K(X,ω)T defines a (v,w)-weighted cscK metric ωφ if it satisfies
(3) Scalv(φ) = cv,w(α)w(mφ)
where cv,w(α) is a constant depending only on (v,w, α), given by
(4) cv,w(α) :=


∫
X
Scalv(ω)ω[n]∫
X
w(mω)ω[n]
, if
∫
X w(mω)ω
[n] 6= 0
1, if
∫
X w(mω)ω
[n] = 0,
The (v,w)-weighted cscK metrics are critical points of the (v,w)-Mabuchi energy
Mv,w : K(X,ω)T → R defined on the Fre´chet space K(X,ω)T by its first variation
(5)

(dMv,w)φ(φ˙) = −
∫
X
φ˙
(
Scalv(φ)− cv,w(α)w(mφ)
)
ω
[n]
φ ,
Mv,w(0) = 0,
for all φ˙ ∈ TφK(X,ω)T ∼= C∞(X,R)T, where C∞(X,R)T stands for the space of T-
invariant smooth functions. As observed in [26, Section 3.2], when v,w are both pos-
itive, a Ka¨hler metric ωφ is (v,w)-extremal if and only if it is (v, ℓextw)-cscK and the
relative (v,w)-Mabuchi energy is defined in this case by
(6) Mrelv,w =Mv,ℓextw.
where ℓext is the (v,w)-extremal affine linear function introduced in [26] via the orthogo-
nal projection of Scalv(φ) to the space of (pull-backs bymφ) affine-linear functions on t
∗
with respect to the weighted L2-global product 〈ϕ1, ϕ2〉w,φ :=
∫
X ϕ1ϕ2w(mφ)ω
[n]
φ . The
critical points of the relative (v,w)-Mabuchi energy are precisely the (v,w)-extremal
Ka¨hler metrics in α.
The space K(X,ω)T is an infinite dimentional Riemannian manifold with a natural
Riemanniann metric, called the Mabuchi metric [28], defined by
〈φ˙1, φ˙2〉φ :=
∫
X
φ˙1φ˙2ω
[n]
φ ,
for any φ ∈ K(X,ω)T and φ˙1, φ˙2 ∈ C∞(X,R)T. The equation of a geodesic (φt)t∈[0,1] ∈
K(X,ω)T connecting two points φ0, φ1 ∈ K(X,ω)T is given by [28, 29]
(7) φ¨t = |dφ˙t|2φt .
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It was shown by Donaldson [19] and Semmes [31] that by letting τ := e−t+is, the
geodesic (φt)t∈[0,1] ∈ K(X,ω)T can be viewed as a smooth function Φ(x, τ) on Xˆ :=
X × A, where A := {e−1 ≤ |τ | ≤ 1} is the corresponding annulus in C, defined by
(8) Φ(x, τ) := φt(x),
which is invariant under the natural action of G := T × S1 on Xˆ, and satisfies the
following degenerate Monge-Ampe`re equation on Xˆ,(
π∗Xω + dd
cΦ
)n+1
= 0
where πX : Xˆ → X is the projection on the first factor. Hence, the problem of connect-
ing two potentials φ0, φ1 ∈ K(X,ω)T by a geodesic (φt)t∈[0,1] ∈ K(X,ω)T is equivalent
to finding a solution Φ ∈ C∞(Xˆ,R)G to the following boundary value problem
(9)


(
π∗Xω + dd
cΦ
)n+1
= 0,
ω + ddcΦ|Xτ > 0, for τ ∈ A,
Φ(·, e−1) = φ1 and Φ(·, 1) = φ0.
where Xτ := π
−1
A
(τ) is a fiber of the projection πA : Xˆ → A.
In general, the space K(X,ω)T is not geodesically convex by smooth geodesics (see [?,
Theorem 1.2]). However, the boundary value problem (9) makes sense for G-invariant
bounded plurisubharmonic functions Φ ∈ PSH(Xˆ, π⋆Xω)G ∩ L∞, using the Bedford–
Taylor interpretation of
(
π∗Xω + dd
cΦ
)n+1
as a Borel measure on Xˆ.
By a result of Chen [11], with complements of Blocki [9] and Chu–Tossati–Weinkove
[16], the boundary value problem (9) admits a uniqueG-invariant solution Φ ∈ C1,1(Xˆ,R)
such that π∗Xω+ dd
cΦ is a positive current with bounded coefficients, up to the bound-
ary, corresponding to a family of functions (φt)t∈[0,1] in the space K1,1(X,ω)T of all
T-invariant functions φ ∈ C1,1(X,R) such that ωφ is a positive current with bounded
coefficients. The curve (φt)t∈[0,1] ⊂ K1,1(X,ω)T is called the weak geodesic segment
joining φ0, φ1 ∈ K(X,ω)T. Consequently, the space K(X,ω)T is geodesically convex by
geodesics in the space K1,1(X,ω)T.
Building on the approach by finite dimensional approximations [21, 27, 30] in the
extremal Ka¨hler case, we proved in [26, Corollary 1] that when α is a polarization,
(v,w)-extremal Ka¨hler metrics are global minima of Mrelv,w. In this paper, we extend
this result by removing the integrality condition on the Ka¨hler class α.
To this end, we now follow the approach of Berman–Berndtsson [6] (see also Chen–
Li–Paun [14]) who proved thatM1,1 naturally extends to the space K1,1(X,ω)T and is
convex along the weak geodesics. Our main result of this paper is the following.
Theorem 1. Let X be a compact Ka¨hler manifold with Ka¨hler class α, T ⊂ Autred(X)
a real torus with momentum polytope Pα ⊂ t∗ and v ∈ C∞(Pα,R>0), w ∈ C∞(Pα,R).
For any T-invariant Ka¨hler metric ω ∈ α, the (v,w)-Mabuchi energy Mv,w admits a
natural extension as functional on the space K1,1(X,ω)T which is convex in the point-
wise sense along weak geodesics in K1,1(X,ω)T connecting smooth T-invariant ω-Ka¨hler
potentials φ0, φ1 ∈ K(X,ω)T.
Similarly to the case of cscK metrics, using the sub-slope property of convex func-
tions, we obtain the following corollary giving an obstruction to the existence of (v,w)-
cscK metrics in a Ka¨hler class α, in terms of the boundedness of the corresponding
(v,w)-Mabuchi energy.
Corollary 1. Let φ0, φ1 ∈ K(X,ω)T. We have the following inequality
Mv,w(φ1)−Mv,w(φ0) ≥ − d(φ1, φ0)∫
X v(mω)ω
[n]
‖ Scalv(φ0)− w(mφ0) ‖L2(X,µφ0 )
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where d is the distance corresponding to the Mabuchi metric and ‖ · ‖L2(X,µφ0 ) is the
usual L2-norm on (X,µφ0) with µφ0 :=
ω
[n]
φ0
vol(X,α) . In particular, (v,w)-cscK metrics in
a Ka¨hler class α minimizes the corresponding (v,w)-Mabuchi energy Mv,w, and any
(v,w)-extremal Ka¨hler metric in α minimizes the relative weighted Mabuchi energy
Mrelv,w.
By [26, Theorem 2], we obtain that the weighted K-semistability is a necessary
condition for the existence of a (v,w)-extremal Ka¨hler metric.
Corollary 2. Let X be as in Theorem 1. If X admits a T-invariant (v,w)-cscK
metric in the Ka¨hler class α, then for any smooth T-equivariant Ka¨hler test configu-
ration (X ,A) of (X,α), which has reduced central fibre, the weighted Futaki invariant
Fv,w(X ,A) defined in [26] is non-negative.
Our approach to prove Theorem 1 closely follows the scheme of Berman–Berndtsson’s
proof [6] in the cscK case (i.e. when v = w ≡ 1). A key point is proving the existence
of a natural extension of the (v,w)-Mabuchi energy Mv,w as a continuous convex
functional defined on the space K1,1(X,ω)T. To see that a similar extension of Mv,w
exists for arbitrary weights v,w we use the weighted Chen-Tian decomposition ofMv,w
found in [26, Theorem 5],
(10) Mv,w(φ) = Entµω(µv(φ)) + Ev,w(φ),
where the first term is an entropy term of the probability measure
µv(φ) :=
v(mφ)ω
[n]
φ
vol(X, v(mω)ω[n])
relatively to the reference smooth measure µω :=
ω[n]
vol(X,α) . The second term Ev,w is an
energy type expression given by the integral over X of terms of the form φu(φ)ωjφ∧θn−j
where θ are smooth two forms depending on ω, and u(φ) is a continuous function
on X depending on v,w and φ. The presence of weights introduces an additional
difficulty related to the definition and convexity of the momentum map with respect
to weak geodesics in the space K1,1(X,ω)T. We solve in Lemma 1 below by using an
approximation argument of Demailly [17]. For a weak geodesic (φt)t∈[0,1] ⊂ K1,1(X,ω)T,
with Φ being the corresponding solution of the boundary value problem (9) and φτ :=
Φ(·, τ) for τ ∈ A = {e−1 ≤ |τ | ≤ 1}, Berman–Berndtsson showed in [6] that the function
τ 7→ M1,1(φτ ) is weakly subharmonic on A and
ddcM1,1(φτ ) =
∫
X
T.
where T is a positive Radon measure on Xˆ = X × A and ∫X denotes the fiber-wise
integral on πA : Xˆ → A. In the case when v > 0 and w is an arbitrary function on the
momentum polytope Pα, weak subharmonicity of τ 7→ Mv,w(φτ ) on A will follow from
a similar expression
ddcMv,w(φτ ) =
∫
X
v(mφτ )T,
and the fact that v(mφτ )T is a positive Radon-measure. In particular, τ 7→ Mv,w(φτ )
is weakly convex. To get point-wise convexity, we will show that τ 7→ Mv,w(φτ ) is
continuous on A.
An important application of the approach in [6] is establishing the uniqueness of the
cscK and extremal Ka¨hler metrics in α, up to the natural action (by pull-backs) of the
connected component of the identity Autred(X)
◦ of the reduced group of automorphisms
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Autred(X). Similarly, we adapt the proof of the uniqueness of extremal Ka¨hler metrics
obtained by Chen–Paun–Zeng [15] to our weighted setting and obtain the following
result.
Theorem 2. Let X be as in Theorem 1 and let G := AutTred(X)
◦ denote the connected
component of identity of the commutator of T inside Autred(X). Then, for any two T-
invariant (v,w)-extremal Ka¨hler metrics ω1 and ω2 in α, there exits an element f ∈ G
such that ω1 = f
∗(ω2).
Notice that if we take T = {1} and v = w ≡ 1 we get the uniqueness of cscK
metrics modulo Autred(X)
◦ obtained in [6, 15], whereas if we take T to be a maximal
torus inside Autred(X) and v = w ≡ 1, the above results yield the uniqueness of the
T-invariant extremal Ka¨hler metrics modulo the complexification TC of T.
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2. The weighted Mabuchi energy on K1,1(X,ω)T
Let X be a compact Ka¨hler manifold of complex dimension n ≥ 2. We denote by
Autred(X) the reduced automorphism group of X whose Lie algebra hred is given by
real holomorphic vectorfields with zeros (see [22]). Let T be an ℓ-dimentional real torus
in Autred(X) with Lie algebra t, and ω a fixed T-invariant Ka¨hler form on X. The
T-action on X is ω-Hamiltonian (see [22]) and we choose mω : X → t∗ to be a ω-
momentum map of T. It is well known [4, 23] that Pω = mω(X) is a convex polytope
in t. For any smooth T-invariant ω-Ka¨hler potential φ ∈ K(X,ω)T, let Pφ := mφ(X)
be the ωφ-momentum image of X. By [4, 23], the following two facts are equivalent:
(i) Pφ = Pω.
(ii) 〈mφ, ξ〉 = 〈mω, ξ〉+ (dcφ)(ξ) for any ξ ∈ t.
It follows that we can normalize mφ such that Pφ = Pω is a φ-independent polytope
Pα ⊂ t∗. For φ ∈ K1,1(X,ω)T the space of all T-invariant functions φ ∈ C1,1(X,R) such
that ωφ is a positive current with bounded coefficients, we define mφ : X → t∗ by
〈mφ, ξ〉 = 〈mω, ξ〉+ (dcφ)(ξ),
for any ξ ∈ t.
Lemma 1. For any φ ∈ K1,1(X,ω)T, we have Pφ = Pα.
Proof. For any k > 0 we have ωk = kω + ωφ > 0. By [17, Theorem 5.21] we can find a
decreasing sequence φǫ ∈ C∞(X,R)T such that ωk,ǫ := (k + 1)ω + ddcφǫ is Ka¨hler and
φǫ → φ in C1 topology as ǫ → 0. For any ǫ > 0, we have Pωk,ǫ = (k + 1)Pα, and for
any ξ ∈ t we have
(11) 〈mωk,ǫ , ξ〉 = (k + 1)〈mω, ξ〉+ (dcφǫ)(ξ).
Since φǫ converge to φ in C
1 topology, passing to the limit when ǫ → 0 in (11), we
obtain
〈mωk,ǫ , ξ〉 → (k + 1)〈mω, ξ〉+ (dcφ)(ξ) = 〈kmω +mφ, ξ〉,
as ǫ→ 0, for ξ ∈ t fixed. It follows that
(k + 1)Pα = Pωk,ǫ = (limǫ→0
mωk,ǫ)(X) = (kmω +mφ)(X) = kPα + Pφ.
The result follows by taking the limit when k → 0. 
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Remark 1. In [11], Chen considered the following family of elliptic boundary value
problems with parameter ǫ > 0,
(12)
{(
π∗Xω + dd
cΦǫ
)n+1
= ǫ
(
π∗Xω +
√−1dτ∧dτ¯
2|τ |2
)n+1
,
Φǫ(·, e−1) = φ1 and Φǫ(·, 1) = φ0.
Solutions Φǫ ∈ K(Xˆ, π∗Xω)G of (12), are always smooth and approximate uniformly
the weak solution Φ of (9). More precisely, Φǫ is decreasing in ǫ and converges to the
solution Φ of (9) in the weak C1,1 topology as ǫ→ 0 (see [11, Lemma 7]). The family
of Ka¨hler potentials (φǫt)t∈[0,1] ⊂ K(X,ω)T is called an ǫ-geodesic.
If (φt)t∈[0,1] ∈ K1,1(X,ω)T is a weak geodesic segment, one can show that Pφt = Pω
for any t ∈ [0, 1] using the fact that the ǫ-geodesic (φǫt)t∈[0,1] ∈ K(X,ω)T converges to
φ in the weak C1,1-topology as ǫ→ 0, together with the relation
mφǫt = mω + d
cφǫt .
Let v ∈ C∞(Pα,R>0) and w ∈ C∞(Pα,R) two smooth functions. Now, we give the
energy functionals allowing to define the (v,w)-Mabuchi energy (5) on weak geodesic
segments.
Lemma 2. The functional Ew : K(X,ω)T → R given by
(13)

(dEw)φ (φ˙) =
∫
X
φ˙w(mφ)ω
[n]
φ ,
Ew(0) = 0,
for any φ˙ ∈ TφK(X,ω)T ∼= C∞(X,R)T is well-defined and has a natural extension to
K1,1(X,ω)T.
Proof. The first claim in the Lemma is well known (see, for example, [7, Proposition
2.16]). Now we will extend Ew : K(X,ω)T → R to K1,1(X,ω)T. We have
Ew(φ) =
∫ 1
0
(∫
X
φw(mǫφ)ω
[n]
ǫφ
)
dǫ
=
∫ 1
0

∫
X
n∑
j=0
φǫn−j(1− ǫ)jw(ǫmφ + (1− ǫ)mω)ω[n−j]φ ∧ ω[j]

 dǫ
=
∫
X
φ
n∑
j=0
wj,n(mφ)ω
[n−j]
φ ∧ ω[j],
where wj,n : Pα → R is defined by
(14) wj,n(p) :=
∫ 1
0
ǫn−j(1− ǫ)jw(ǫp+ (1− ǫ)mω)dǫ.
Using the expression
(15) Ew(φ) =
∫
X
φ
n∑
j=0
wj,n(mφ)ω
[n−j]
φ ∧ ω[j],
we can define the extension Ew : K1,1(X,ω)T → R, since by Lemma 1 we have ǫmφ +
(1− ǫ)mω ∈ Pα by convexity. 
Lemma 3. Let (φt)t∈[0,1] ⊂ K1,1(X,ω)T be a geodesic segment connecting φ0, φ1 ∈
K(X,ω)T and Φ ∈ K1,1(Xˆ, π∗Xω)G the corresponding solution of the boundary value
problem (9). For any τ ∈ A, we have
ddcEw(φτ ) = 0,
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where φτ := Φ(·, τ).
Proof. See [7, Proposition 17]. 
Definition 1. Let θ be a T-invariant closed (1, 1)-form on X. A θ-momentum map for
the action of T on X is a smooth T-invariant function mθ : X → t∗ with the property
θ(ξ, ·) = −d〈mθ, ξ〉 for all ξ ∈ t.
For example, if Ric(ω) is the Ricci form of ω, then the Ric(ω)-momentum map for
the action of T on X is given by (see e.g. [26, Lemma 5])
mRic(ω) :=
1
2
∆ω(mω).
Lemma 4. [26, Lemma 4] Let θ be a fixed T-invariant closed (1, 1)-form and mθ :
X → t∗ a momentum map with respect to θ, see Definition 1. Then the functional
Eθv : K(X,ω)T → R given by
(16)

(dE
θ
v )φ(φ˙) =
∫
X
φ˙
[
v(mφ)θ ∧ ω[n−1]φ + 〈(dv)(mφ),mθ〉ω[n]φ
]
,
Eθv(0) = 0,
for any φ˙ ∈ C∞(X,R)T is well-defined and has a natural extension to K1,1(X,ω)T.
Proof. Similarly to Ew, we can define the extension Eθv : K1,1(X,ω)T → R, by using the
following expression
Eθv(φ) =
∫ 1
0
(∫
X
φ
[
v(mǫφ)θ ∧ ω[n−1]ǫφ + 〈(dv)(mǫφ),mθ〉ω[n]ǫφ
])
dǫ
=
∫
X
φ
[ n−1∑
j=0
vj,n−1(mφ)ω
[n−1−j]
φ ∧ ω[j] ∧ θ +
n∑
j=0
〈(dvj,n)(mφ),mθ〉ω[n−j]φ ∧ ω[j]
]
,
(17)
where vj,n : Pα → R is given by (14). 
Now we give the Chen–Tian formula allowing to extend the (v,w)-Mabuchi energy
to Mv,w to K1,1(X,ω)T.
Theorem 3. [26, Theorem 5] We have the following expression for the (v,w)-Mabuchi
energy,
(18) Mv,w = Hv − 2ERic(ω)v + c(v,w)(α)Ew,
on K(X,ω)T where Hv : K(X,ω)T → R is given
(19) Hv(φ) :=
∫
X
log
(
ωnφ
ωn
)
v(mφ)ω
[n]
φ = Entµω(µv(φ)) + c(α, v).
where
Entµω(µv(φ)) :=
∫
X
log
(
dµv(φ)
dµω
)
dµv(φ)
dµω
dµω
is the entropy of the probability measure µv(φ) :=
v(mφ)ω
[n]
φ
vol(X,v(mω)ω[n])
relatively to the ref-
erence smooth measure µω :=
ω[n]
vol(X,α) with , and c(α, v) is a constant depending on α
and v.
For φ ∈ K1,1(X,ω)T, µv(φ) is a measure with bounded coefficient which is abso-
lutely continuous with respect to µω, thus Entµω(µv(φ)) is well defined on K1,1(X,ω)T.
Combining this with Lemmas 2 and 4 yields the following.
Corollary 3. The equation (3), extends the (v,w)-Mabuchi energy Mv,w to a func-
tional on the space K1,1(X,ω)T.
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3. Convexity of the (v,w)-Mabuchi energy along weak geodesics
The following formulas allow us to compute the second variations of the energy
functionals Eθv and Ew along weak geodesics.
Lemma 5. Let Φ be a G-invariant smooth function on Xˆ related to a family of T-
invariant functions (φt)t∈[0,1] on X by (8), and θ a 2-form on X. We have
(π∗Xω + dd
cΦ)[n+1] =− (φ¨t − |dφ˙t|2φt)ω[n]φt ∧ dt ∧ ds,
π∗Xθ ∧ (π∗Xω + ddcΦ)[n] =−
((
φ¨t − |dφ˙t|2φt
)
θ ∧ ω[n−1]φt + (θ, dφ˙t ∧ dcφ˙t)φ ω
[n]
φt
) ∧ dt ∧ ds.
where φ˙t and φ¨t are the t-derivatives of φt.
Proof. We have ddcΦ = ddcφ+ γφ such that
γφ := −dcφ˙ ∧ dt− dφ˙ ∧ ds− φ¨dt ∧ ds.
By a straightforward calculation we get γ2φ = 2dφ˙ ∧ dcφ˙ ∧ dt ∧ ds and γ3φ = 0. We
calculate
(ω + ddcΦ)[n+1] =(ωφ + γφ)
[n+1]
=ω
[n+1]
φ + ω
[n]
φ ∧ γφ +
1
2
ω
[m−1]
φ ∧ γ2φ
=− (φ¨− |dφ˙|2φ)ω[n]φ ∧ dt ∧ ds.
For the second identity
θ ∧ (ω + ddcΦ)[n] =θ ∧ [ω[n]φ + ω[n−1]φ ∧ γφ + 12ω[n−2]φ ∧ γ2φ]
=θ ∧ ω[n−1]φ ∧ γφ +
1
2
θ ∧ ω[n−2]φ ∧ γ2φ
=− ((φ¨− |dφ˙|2)θ ∧ ω[n−1]φ + (θ, dφ˙ ∧ dcφ˙)ω[n]φ ) ∧ dt ∧ ds.
(20)

We start by computing the second variation of Eθv and Ew on smooth families of
smooth T-invariant Ka¨hler potentials.
Lemma 6. Let (φt)t∈[0,1] ∈ K(X,ω)T be a smooth family of Ka¨hler potentials and Φ the
G-invariant function on Xˆ, corresponding to (φt)t∈[0,1] given by (8). Let φτ := Φ(·, τ).
(i) The second variation of the function τ 7→ Ew(φτ ) on A is given by
ddcEw(τ) =
∫
X
w(mΦ) (π
∗
Xω + dd
cΦ)[n+1] ,(21)
where mΦ(x, τ) := mφτ , and
∫
X is the push forward map on πA : Xˆ → A.
(ii) The second variation of the function τ 7→ Eθv(φτ ) on A is given by
ddcEθv(φτ ) =
∫
X
v(mΦ)π
∗
Xθ∧(π∗Xω + ddcΦ)[n] + 〈dv(mΦ),mθ〉(π∗Xω + ddcΦ)[n+1].(22)
Proof. The proof of (i) is given in [8, Proposition 10.d]. For (ii), by the S1-invariance
of Φ, we have
(23) ddcEθv(φτ ) =
[
∂2
∂τ∂τ¯
Eθv(τ)
]
dτ ∧ dτ¯ = −
[
d2
dt2
Eθv(φt)
]
dt ∧ ds
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Using [26, equation (18)] and (16) we get
d2
dt2
Eθv(φt) =(δBv(φ˙))φt(φ˙) +
∫
X
φ¨v(mφ)θ ∧ ω[n−1]φ + 〈dv(mφ),mθ〉φ¨ω[n]φ
=
∫
X
(φ¨− |dφ˙|2φ)v(mφ)θ ∧ ω[n−1]φ +
∫
X
(φ¨− |dφ˙|2φ)〈dv(mφ),mθ〉ω[n]φ
+
∫
X
(θ, dφ˙ ∧ dcφ˙)φv(mφ)ω[n]φ .
(24)
The identity (22) follows from Lemma 5 and the equalities (23) and (24). 
Now we consider the second variations along a weak geodesic segment.
Lemma 7. Let (φt)t∈[0,1] ∈ K1,1(X,ω)T be a weak geodesic segment and Φ the G-
invariant corresponding solution of the boundary value problem (9) on Xˆ. The following
identities holdes in the weak sense of currents
ddcEw(φτ ) =0,(25)
ddcEθv(φτ ) =
∫
X
v(mΦ)π
∗
Xθ ∧ (π∗Xω + ddcΦ
)[n]
.(26)
Proof. The equation (25) is already established in [6, Proposition 2.16] and [8, Propo-
sition 10.4]. The same argument works for (26). We give the proof for convenience
of the reader. Let (φǫt)t∈[0,1] be the ǫ-geodesic approximating (φt)t∈[0,1] and Φǫ the
corresponding solution of the elliptic Direchlet problem (12). By Lemma 6, we have
ddcEw(φǫτ ) =
∫
X
ǫw(mΦǫ)
(
π∗Xω +
√−1dτ ∧ dτ¯
2|τ |2
)[n+1]
,
ddcEθv(φǫτ ) =
∫
X
v(mΦǫ)π
∗
Xθ ∧ (π∗Xω + ddcΦǫ)[n] + ǫ〈dv(mΦǫ),mθ〉
(
ω +
√−1dτ ∧ dτ¯
2|τ |2
)[n+1]
.
(27)
We have Φǫ is decreasing in ǫ > 0 and Φǫ → Φ in (C1,1, ‖ · ‖C1 + ‖ ddc· ‖L∞) when
ǫ→ 0. Using the identity
mφǫτ = mω + d
cφǫτ ,
and the fact that v is smooth on Pα, we obtain
Ew(φǫτ )→ Ew(φτ ) and Eθv(φǫτ )→ Eθv(φτ ),
since the Monge-Ampe`re measures converges weakly under decreasing limits. It follows
that
ddcEw(φǫτ )→ ddcEw(φτ ) and ddcEθv(φǫτ )→ ddcEθv (φτ ),
in the weak sense of distributions. Passing to the limit when ǫ → 0 in the rhs of the
equations of (27), and using the fact that π∗Xθ ∧ (π∗Xω + ddcΦǫ)[n] → π∗Xθ ∧ (π∗Xω +
ddcΦ)[n] in the sense of measures (since Φǫ ց Φ), we obtain (25) and (26). 
Corollary 4. Let θ be a T-invariant Ka¨hler form. The functional Eθv is strictly con-
vex on weak geodesic segments. In particular Eθv has at most one critical point in
K1,1(X,ω)T.
Proof. Using (24), we see that the following formula holds on any weak geodesic segment
d2
dt2
Eθv(φt) =
∫
X
(θ, dφ˙ ∧ dcφ˙)φtv(mφt)ω[n]φt > 0,
since θ is a Ka¨hler form. Thus, t 7→ Eθv (φt) is strictly convex. 
UNIQUENESS OF WEIGHTED EXTREMAL METRICS 10
Now we consider the entropy part of the (v,w)-Mabuchi energy. For a family of
G-invariant volume forms Θτ on X we associate a function Ψ := log(Θτ ) on Xˆ, given
locally on a holomorphic coordinate patch (U, (zj)j=1,n) on X by
(28) ΨU = log
(
Θτ
volU
)
,
where volU is the volume form of the flat Ka¨hler metric
√−1
2
∑n
j=1 dzj ∧ dz¯j on U . For
(φτ )τ∈A ⊂ K1,1(X,ω)T, we define
HΨv (φτ ) :=
∫
X
log
(Θτ
ωn
)
v(mφτ )ω
[n]
φτ
=
∫
X
log
(eψτ
ωn
)
v(mφτ )ω
[n]
φτ
,
(29)
where ψτ := Ψ|Xτ .
Lemma 8. Let (φt)t∈[0,1] ∈ K1,1(X,ω)T be a weak geodesic segment and denote by Φ
the associated G-invariant function on Xˆ. If Ψ (given by (28)) is smooth, then we have
(30) ddc
(HΨv (φτ )− 2ERic(ω)v (φτ )) =
∫
X
v(mΦ)dd
cΨ ∧ (π∗Xω + ddcΦ)[n],
in the weak sense of currents.
Proof. Let f(τ) be a test function with support in A and fˆ := π⋆
A
f . We have
〈ddcHΨ(φτ ), f〉 =
∫
A
ddcf
∫
X
log
(eψτ
ωn
)
v(mφτ )ω
[n]
φτ
=
∫
A
ddcf
∫
Xτ
(
log
( eΨ
π∗Xωn
)
v(mΦ)(π
∗
Xω + dd
cΦ)[n]
)
|Xτ
=
∫
Xˆ
log
( eΨ
π∗Xωn
)
v(mΦ)dd
cfˆ ∧ (π∗Xω + ddcΦ)[n]
=
∫
Xˆ
log
( eΨ
π∗Xωn
)
d(v(mΦ)) ∧ dcfˆ ∧ (π∗Xω + ddcΦ)[n]
−
∫
Xˆ
v(mΦ)d log
( eΨ
π∗Xωn
) ∧ dcfˆ ∧ (π∗Xω + ddcΦ)[n]
Notice that d(v(mΦ))∧dcfˆ∧(π∗Xω+ddcΦ)[n] = 0, using approximation by an ǫ-geodesic
Φǫ and the fact that dfˆ is zero on fundamental vector fields of the T-action: Indeed
d(v(mΦǫ)) ∧ dcfˆ ∧ (π∗Xω + ddcΦǫ)[n] =〈(dv)(mΦǫ), (dfˆ)t〉(π∗Xω + ddcΦǫ)[n+1] = 0,
since (dfˆ)t the restriction of dfˆ on the fundamental vector fields of t is zero ((dfˆ)t =
(df ◦ π∗)t = 0). Using that Φǫ ց Φ in C1,1 topology, passing to the limit as ǫ → 0,
yields d(v(mΦ)) ∧ dcfˆ ∧ (π∗Xω + ddcΦ)[n] = 0.
Integration by parts gives
〈ddcHΨv , f〉 =
∫
Xˆ
fˆ d log
( eΨ
π∗Xωn
) ∧ dcv(mΦ) ∧ (π∗Xω + ddcΦ)[n]
+
∫
Xˆ
fˆv(mΦ)dd
c log
( eΨ
π∗Xωn
) ∧ (π∗Xω + ddcΦ)[n].
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Notice that the first integral in the first equality is zero: Indeed, if Φ = Φǫ is an
ǫ-geodesic, then∫
Xˆ
fˆ d log
( eΨ
π∗Xωn
) ∧ dcv(mΦǫ) ∧ (π∗Xω + ddcΦǫ)[n]
=
∫
Xˆ
fˆ〈(dv)(mΦǫ), (dcΨ)t − 2mRic(ω)〉(π∗Xω + ddcΦǫ)[n+1]
=ǫ
∫
Xˆ
fˆ〈(dv)(mΦǫ), (dcΨ)t − 2mRic(ω)〉
(
π∗Xω +
√−1dτ ∧ dτ¯
2|τ |2
)[n+1]
,
since Φǫ ց Φ in C1,1 topology, passing to the limit as ǫ→ 0, yields∫
Xˆ
fˆ d log
( eΨ
π∗Xωn
) ∧ dcv(mΦ) ∧ (π∗Xω + ddcΦ)[n] = 0.
It follows that,
〈ddcHΨv , f〉 =
∫
Xˆ
fˆv(mΦ)dd
cΨ ∧ (π∗Xω + ddcΦ)[n]
+ 2
∫
Xˆ
fˆv(mΦ)π
∗
XRic(ω) ∧ (π∗Xω + ddcΦ)[n]
Combining the above equality with (26) completes the proof. 
Following [6], we consider the following modified version of the (v,w)-Mabuchi func-
tional
(31) MΨv,w := HΨv − 2ERic(ω)v + Ew.
Notice that for Ψ := log(ω + ddcφτ )
n we have MΨv,w =Mv,w.
Corollary 5. Under the hypothesis of Lemma 8, if Ψ is only locally bounded and
ddcΨ ≥ 0 as a current, then
ddcMΨv (φτ ) =
∫
X
v(mΦ)dd
cΨ ∧ (π∗Xω + ddcΦ)[n],
in the weak sense of currents.
Proof. Let Ψj be a sequence of uniformly bounded, G-invariant smooth functions on
Xˆ such that Ψj → Ψ almost everywhere on X and everywhere on A. Using Lemma 8
we have
ddcMΨjv (φτ ) =
∫
X
v(mΦ)dd
cΨj ∧
(
π∗Xω + dd
cΦ
)[n]
.
By the dominated convergence theorem (notice that v(mΦ) is uniformly bounded), we
can pass to the limit when j →∞ (see e.g. [17, Proposition 3.2]). 
Now, we can use the arguments of Berman–Berndtsson in [6] to deduce the weak
convexity of the (v,w)-Mabuchi energy along weak geodesic segments. We will need
the following regularization result which is the main ingredient in the proof of Berman–
Berndtsson for the weak convexity of the Mabuchi energy [6, Theorem 3.3].
Proposition 1 ([6]). Let (φt)t∈[0,1] ∈ K1,1(X,ω)T be a weak geodesic segment, and Φ
the corresponding weak solution of (9). Let Ψ := log(π∗Xω + dd
cΦ)n.
(i) There exist a family of locally bounded G-invariant functions (ΨA)A>0 on Xˆ,
such that ddcΨA ≥ 0 in the weak sens of currents, and ΨA ց Ψ as A→∞.
(ii) For fixed A > 0, there exist a family of G-invariant functions (Ψk,A)A>0 on Xˆ
with continuous dependence on τ ∈ A, such that the currents TA,k := ddcΨk,A∧
(π∗Xω + dd
cΦ)n are positive and Ψk,A → ΨA pointwise almost everywhere on
X and everywhere on τ as k →∞.
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Using the above proposition together with Corollary 5, we get the following
Theorem 4. Let (φt)t∈[0,1] ∈ K1,1(X,ω)T be a weak geodesic segment. The function
τ 7→ Mv,w(φτ ) is weakly subharmonic on A. In particular, Mv,w(φt) is weakly convex
along the weak geodesic (φt).
Proof. By Corollary 5, since the function ΨA from (i) in Proposition 1 is locally
bounded, we obtain
(32) ddcMΨAv,w(φτ ) =
∫
X
u(mΦ)TA.
where TA := dd
cΨA ∧ (π∗Xω + ddcΦ)n. Now using the fact that v(mΦ)TA,k ≥ 0 are
positive Radon measures which converges weakly to v(mΦ)TA as k → ∞. It follows
that ddcMΨAv,w(φτ ) ≥ 0. On the other hand we haveMΨAv,w(φτ )→Mv,w(φτ ) as A→∞.
Thus, ddcMv,w(φτ ) ≥ 0 in the weak sens of currents. 
To get the pointwise convexity of t 7→ Mv,w(φt), we have to show that it is contin-
uoues. For the energy part t 7→ −2ERic(ω)v (φt) + Ew(φt), it is clear from (15) and (17)
that it is a continuous function, since t → φt is a continuous family. As in the case
when v ≡ 1 on Pα (see [6]), it is not a priori clear that the entropy part t 7→ Hv(φt) is
continuous.
Theorem 5. The (v,w)-Mabuchi energy Mv,w is continuous along weak geodesics and
therefore convex in the pointwise sense.
Proof. The argument is very similar to the one of Berman–Berndtsson in [6, Theorem
3.4], the only difference is in the calculation of the second variation of the entropy term
involving the weighted measure v(mφτ )ω
[n]
φτ
.
Let κǫ(s) be a sequence of strictly convex functions such that κ
′
ǫ(s) ≥ 1 and κǫ(s)→ s
as ǫ→ 0. Let ζj be a partition of unity subordinate to an open cover of X. We consider
the following modification of the entropy term
HΨA,kv,j,ǫ (φτ ) =
∫
X
ζjκǫ
(
log
(eΨA,k(·,τ)
ωn
))
v(mφτ )ω
[n]
φτ
,
where ΨA,k is given in Proposition 1 (ii) (see also [6, Theorem 3.3] for more details).
From the calculations in the proof of Lemma 8 we have
ddcHΨA,kv,j,ǫ (φτ ) =
∫
X
ζjv(mφτ )dd
cκǫ
(
log
(eΨA,k
ωn
)) ∧ (π∗Xω + ddcΦ)[n]
=
∫
X
ζjv(mφτ )d
(
κ′ǫ
(
log
(eΨA,k
ωn
))
dc log
(eΨA,k
ωn
)) ∧ (π∗Xω + ddcΦ)[n]
=
∫
X
ζjv(mφτ )κ
′
ǫ
(
log
(eΨA,k
ωn
))
ddc log
(eΨA,k
ωn
) ∧ (π∗Xω + ddcΦ)[n]
+
∫
X
ζjv(mφτ )κ
′′
ǫ
(
log
(eΨA,k
ωn
))
d log
(eΨA,k
ωn
) ∧ dc log (eΨA,k
ωn
) ∧ (π∗Xω + ddcΦ)[n],
It follows that,
ddcHΨA,kv,j,ǫ (φτ ) =
∫
X
ζjv(mφτ )κ
′
ǫ
(
log
(eΨA,k
ωn
))
TA,k
+ 2
∫
X
ζjv(mφτ )κ
′
ǫ
(
log
(eΨA,k
ωn
))
π∗XRic(ω) ∧ (π∗Xω + ddcΦ)[n]
+
∫
X
ζjv(mφτ )κ
′′
ǫ
(
log
(eΨA,k
ωn
))
d log
(eΨA,k
ωn
) ∧ dc log (eΨA,k
ωn
) ∧ (π∗Xω + ddcΦ)[n],
(33)
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where TA,k := dd
cΨA,k ∧ (π∗Xω + ddcΦ)[n]. Now we introduce the following modified
version of the (v,w)-Mabuchi energy:
MΨA,kv,w,j,ǫ := H
ΨA,k
v,j,ǫ − 2E
θj
v,j ,
where θj := ζjRic(ω). Combining (33) with (25) and (26), we obtain
ddcMΨA,kv,w,j,ǫ(φτ ) =
∫
X
ζjv(mφτ )κ
′
ǫ
(
log
(eΨA,k
ωn
))
TA,k
+ 2
∫
X
[
1− κ′ǫ
(
log
(eΨA,k
ωn
))]
ζjv(mφτ )π
∗
XRic(ω) ∧ (π∗Xω + ddcΦ)[n]
+
∫
X
ζjv(mφτ )κ
′′
ǫ
(
log
(eΨA,k
ωn
))
d log
(eΨA,k
ωn
) ∧ dc log (eΨA,k
ωn
) ∧ (π∗Xω + ddcΦ)[n].
Since κǫ is strictly convex, the integral in the last line is positive, and using that
κ′ǫ(s) ≥ 1, together with TA,k ≥ 0, it is also clear that the integral in the first line is
positive. For the remaining integral we can bound it from below by −Cǫ,j
√−1dτ∧dτ¯
2|τ |2 for
some Cǫ,j ≥ 0. Thus,
ddcMΨA,kv,w,j,ǫ(φτ ) ≥ −Cǫ,j
√−1dτ ∧ dτ¯
2|τ |2 .
It follows that the function t 7→ MΨA,kv,w,j,ǫ(φτ ) + Cǫ,jt2 (where τ = e−t+is) is weakly
convex. On the other hand τ 7→ MΨA,kv,w,j,ǫ(φτ ) is continuous since ΨA,k is continuous in
τ ∈ A, by Proposition 1 (ii). It follows that t 7→ MΨA,kv,w,j,ǫ(φt) + Cǫ,jt2 is convex in the
pointwise sense. Using the equation,
Mv,w(φt)− Ew(φt) = lim
ǫ→0
∑
j
MΨA,kv,w,j,ǫ(φτ ) + Cǫt2,
where Cǫ =
∑
j Cj,ǫ, we infer that t 7→ Mv,w(φt) − Ew(φt) is convex in the pointwise
sense, thus continuous. By (19), the function t→Hv(φt) is lower semicontinuous, then
it is continuous on [0, 1]. This, completes the proof. 
4. Proof of Corollary 1
Lemma 9. Given a weak geodesic segment (φt)t∈[0,1] ∈ K1,1(X,ω)T connecting φ0, φ1 ∈
K(X,ω)T, we have the following inequalities
lim
t→0+
Hv(φt)−Hv(φ0)
t
≥−
∫
X
v˜(mφ0)φ˙ (Ric(ωφ0)−Ric(ω)) ∧ ω[n−1]φ0
−
∫
X
〈(dv˜)(mφ0),mRic(ωφ0 ) −mRic(ω)〉φ˙ω
[n]
φ0
−
∫
X
φ˙∆φ0(v˜(mφ0))ω
[n]
φ0
where φ˙ = dφtdt
∣∣∣
t=0+
and v˜ := v
vol(X,v(mω)ω[n])
.
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Proof. By convexity of the entropy with respect to the affine structure on the space of
probability measures (see e.g. [6, 18]) and using (19), we have
Hv(φt)−Hv(φ0)
t
=
Entµω(µv(φt))− Entµω(µv(φ0))
t
≥
∫
X
log
(µv(φ0)
µω
)µv(φt)− µv(φ0)
t
=
∫
X
log
(ωnφ0
µω
)µv(φt)− µv(φ0)
t
+
∫
X
log(v˜(mφ0))
µv(φt)− µv(φ0)
t
=
∫
X
log
(ωnφ0
µω
)µv(φt)− µv(φ0)
t
+
∫
X
1
t
(
log(v˜(mφ0))v˜(mφt)ω
[n]
φt
− log(v˜(mφ0))v˜(mφ0)ω[n]φ0
)
=
∫
X
log
(ωnφ0
µω
)µv(φt)− µv(φ0)
t
+
∫
X
1
t
(log(v˜(mφ0))− log(v˜(mφt))) v˜(mφt)ω[n]φt
where we have used the fact that∫
X
log(v˜(mφt))v˜(mφt)ω
[n]
φt
=
∫
X
log(v˜(mφ0))v˜(mφ0)ω
[n]
φ0
= const
is a constant independent of t. We thus compute
lim
t→0+
Hv(φt)−Hv(φ0)
t
≥−
∫
X
v˜(mφ0)dφ˙ ∧ dc log
(ωnφ0
ωn
)
∧ ω[n−1]φ0 +
∫
X
φ˙ddc(v˜(mφ0)) ∧ ω[n−1]φ0
=
∫
X
φ˙
(
d(v˜(mφ0)), d log
(ω[n]φ0
ωn
))
φ0
ω
[n]
φ0
+
∫
X
v˜(mφ0)φ˙dd
c log
(ωnφ0
ωn
)
∧ ω[n−1]φ0
+
∫
X
φ˙ddc(v˜(mφ0)) ∧ ω[n−1]φ0
=−
∫
X
v˜(mφ0)φ˙ (Ric(ωφ0)− Ric(ω)) ∧ ω[n−1]φ0 −
∫
X
〈(dv˜)(mφ0),mRic(ωφ0 ) −mRic(ω)〉φ˙ω
[n]
φ0
−
∫
X
φ˙∆φ0(v˜(mφ0))ω
[n]
φ0
.

Now we are in position to give the proof of Corollary 1.
Proof of Corollary 1. Let (φt)t∈[0,1] ∈ K1,1(X,ω)T be a weak geodesic segment connect-
ing φ0, φ1 ∈ K(X,ω)T. We suppose that v˜ := vvol(X,v(mω)ω[n]) = v. We have
lim
t→0+
Ew(φt)− Ew(φ0)
t
=
∫
X
φ˙w(mφ0)ω
[n]
φ0
lim
t→0+
ERic(ω)v (φt)− ERic(ω)v (φ0)
t
=
∫
X
φ˙
(
v(mφ0)Ric(ω) ∧ ω[n−1]φ0 + 〈(dv)(mφ0),mRic(ω)〉ω
[n]
φ0
)
By Lemma 9 and Theorem 3 we get
lim
t→0+
Mv,w(φt)−Mv,w(φ0)
t
≥
∫
X
(−Scalv(φ0) + w(mφ0))φ˙ω[n]φ0 .
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Using the sub-slop inequality for the convex function Mv,w(φt) we get
Mv,w(φ1)−Mv,w(φ0) ≥ lim
t→0+
Mv,w(φt)−Mv,w(φ0)
t
≥
∫
X
(−Scalv(φ0) + w(mφ0))φ˙ω[n]φ0 .
By Cauchy-Schwartz inequality we obtain
Mv,w(φ1)−Mv,w(φ0) ≥ −d(φ1, φ0) ‖ Scalv(φ0)− w(mφ0) ‖L2(X,µφ0 ) .
For the general case where v˜ 6= v, we apply the above formula to the (v˜, w
vol(X,v(mω)ω[n])
)-
Mabuchi energy. 
5. Uniqueness of weighted cscK metrics
This section is devoted to establish Theorem 2 from the introduction. We will gener-
alise the approach of [6, 15] to the weighted setting. Our proof is closer to the method
used by Chen–Paun–Zeng [15], based on a generalisation of the bifurcation technique
of Bando–Mabuchi [5].
Proposition 2. Let X be a compact Ka¨hler manifold with Ka¨hler class α, T ⊂
Autred(X) a real torus with momentum polytope Pα ⊂ t∗ and v ∈ C∞(Pα,R>0), and
w ∈ C∞(Pα,R>0) a non vanishing function on Pα. If ω ∈ α is a T-invariant Ka¨hler
metric, and ϕ0 ∈ K(X,ω)T such that ωϕ0 ∈ α a (v,w)-extremal metric. Then, there
exist ωφ0 in the orbit of ωϕ0 under the action of the group G := Aut
T
red(X)
◦, and a
smooth function φ : [0, ǫ) × X → R, such that φt := φ(t, ·) ∈ K(X,ω)T satisfies the
equation
(34) Scalv(φt)− t
(
v(mφt)Λφtω +
〈
(dv)(mφt),mω
〉)
= ℓext(mφt)w(mφt),
where Λφω is the trace of ω with respect to ωφ and ℓext is the (v,w)-extremal affine
linear function of (α,T, v,w).
The proof follows from an application of the inverse function theorem as in [15]. To
this end we need to find the Ka¨hler metric ωφ0 in the G-orbit of the (v, ℓext ·w) metric
ωϕ0 , as stated in the theorem.
Let Kˆ(X,ω)T denote the space of T-invariant Ka¨hler potentials φ ∈ K(X,ω)T nor-
malized by
∫
X φw(mω)ω
[n] = 0, and K := IsomT0 (X,ωϕ0)∩G the connected component
of identity of the group of Hamiltonian isometries of (X,ωϕ0) commuting with T. As
we suppose by definition that Scalv(ϕ0)/w(mϕ0) = ℓext(mϕ0) is the Killing potential of
a vector field in t, by [26, Corollary B.1] K is a maximal connected compact subgroup
of G. Following [15], we consider the map
Ψω : O → Kˆ(X,ω)T,
defined on the homogeneous manifold O := G/K by Ψω(σ) := φσ, where φσ ∈ Kˆ(X,ω)T
is the unique potential such that
(35) σ∗ω = ω + ddcφσ.
In the case when ω is (v,w)-extremal metric, [26, Theorem B.1] yields the follow-
ing result, which is a straightforward generalization of [15, Proposition 4.3] describing
(TσΨ
ω)(TσO) the image of the differential of Ψω in σ ∈ O.
Lemma 10. [15, Proposition 4.3] If ω is a (v,w)-extremal metric, then the image
(TσΨ
ω)(TσO) is given by real holomorphic vector fields
ξ = Jgradφσ(f) ∈ k,
where k := Lie(K), φσ = Ψ
ω(σ) and f ∈ C∞(X,R).
UNIQUENESS OF WEIGHTED EXTREMAL METRICS 16
By a result due to Mabuchi [29], any real holomorphic vector field ξ ∈ (TσΨω)(TσO),
gives rise to a smooth geodesic ray (φt)t∈R ∈ K(X,ω)T, defined by φt := Ψω(exp(tξ)).
Using, strict convexity of the functional Eθv along weak geodesics (see Corollary 4) and
the fact that exp : TO → O is onto, we obtain
Lemma 11. [15, Lemma 2] If ω is a (v,w)-extremal metric, then for any T-invariant
Ka¨hler form θ on X, the functional Eθv ◦Ψω : O → R is proper. In particular Eθv admits
a unique minimum point on the orbit Ψω(O).
Now we are in position to give a sketch for the proof of Proposition 2, which is not
materially different than [15, Theorem 1.2].
Proof of Proposition 2. Since ωϕ0 is a (v,w)-extremal metric, we can take φ0 ∈ Ψωϕ0 (O)
be the unique minimiser of Eωv (we take θ = ω in Lemma 11). Using Lemma 10 and
(16), we have
(36)
〈
w(mφ0)
−1(v(mφ0)Λφ0ω + 〈(dv)(mφ0),mω〉), f
〉
w,φ0
= 0,
for any f ∈ kφ0 in the space of ωφ0-Killing potentials of elements of Lie(K) := k, where
〈·, ·〉w,φ0 is the weighted inner product
(37) 〈f, h〉w,φ0 =
∫
X
fhw(mφ0)ω
[n]
φ0
.
Let K2,k+4(X,ω)T be the open set of T-invariant ω-Ka¨hler potentials with L2,k+4 reg-
ularity. We consider the map:
Fv,w : K2,k+4(X,ω)T × [0, 1]→ L2,k(X,R)T × [0, 1],
defined by
Fv,w(φ, t) := (Fv,w(φ, t), t),
Fv,w(φ, t) :=
Scalv(φ)− t
(
v(mφ)Λφ(ω) +
〈
(dv)(mφ),mω
〉)
w(mφ)
− ℓext(mφ).
(38)
We have Fv,w(φ0, 0) = 0. Using [26, Lemma B.1], we can calculate the differential at
(φ0, 0) of Fv,w is given by
T(φ0,0)Fv,w :L2,k+4(X,R)T × R→ L2,k(X,R)T × R,
(T(φ0,0)Fv,w)(φ˙, ζ) =
(
(T(φ0,0)Fv,w)(φ˙, ζ), ζ
)
,
(T(φ0,0)Fv,w)(φ˙, ζ) =−
D∗φ0v(mφ0)Dφ0 φ˙
w(mφ0)
− ζ
[
v(mφ0)Λφ0ω +
〈
(dv)(mφ0),mω
〉
w(mφ0)
]
,
where Dφ0 φ˙ :=
√
2(∇φ0dφ˙)− is the J-anti-invariant part of the tensor ∇φ0dφ˙, with ∇φ0
the gφ0-Levi-Civita connection, and D∗φ0 is the formal adjoint of Dφ0 .
Notice that Lv,w := (w(mφ0))
−1D∗φ0v(mφ0)Dφ0 is a fourth order 〈·, ·〉w,φ0 -self adjoint
T-invariant elliptic linear operator. By standard elliptic theory we have the following
decomposition 〈·, ·〉w,φ0 -orthogonal decomposition
(39) L2,k(X,R)T = Ker(Lv,w)⊕ Im(Lv,w).
We have Ker(Lv,w) = kφ0 since K is a maximal compact subgroup of G, and Im(Lv,w) =
L2,k⊥ (X,R)
T . Using (39), it’s clear that the linearization is neither injective nor surjec-
tive. Let Πw,φ0 the 〈·, ·〉w,φ0 -orthogonal projection on kφ0 .
We consider the following modification of the map Fv,w
F˜v,w : K2,k+4(X,ω)T × [0, 1]→ kφ0 × L2,k⊥ (X,R)T × [0, 1]
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defined by
F˜v,w(f, ψ, t) := (f, (I −Πw,φ0) ◦ Fv,w(f + ψ, t), t).
where f ∈ kφ0 and ψ ∈ L2,k⊥ (X,R)T such that φ := f + ψ ∈ K2,k+4(X,ω)T. Let
φ0 := f0+ψ0 be the orthogonal decomposition of φ0 in (39). The derivative of F˜v,w in
(f0, ψ0, 0), is given by
(T(f0,ψ0,0)F˜v,w)(f, ψ˙, ζ) =
(
f,−Lv,w(ψ˙)−ζw(mφ0)−1
(
v(mφ0)Λφ0ω+
〈
(dv)(mφ0),mω
〉)
, ζ
)
.
The decomposition (39) and the equation (36) show that T(f0,ψ0,0)F˜v,w is bijective. By
the inverse function theorem we obtain a path
(40) φ(f, t) := f + ψ(f, t) ∈ K2,k+4(X,ω)T,
for 0 < t < ǫ and f ∈ kφ0 , such that
(41) (I −Πw,φ0) ◦ Fv,w(φ(f, t), t) = 0
for ‖ f − f0 ‖L2,k+4< ǫ.
Now we introduce the functional Gv,w : kφ0 × (0, ǫ)→ kφ0 , defined by
Gv,w(f, t) := Πw,φ0 ◦ Fv,w(φ(f, t), t),
where φ(f, t) is given by (40). To complete the proof we need to solve the equation
Gv,w(f(t), t) = 0,
for t ∈ (0, ǫ) and f(t) ∈ kφ0 . However, its not possible to apply the implicit function
theorem. Indeed,
∂Gv,w
∂f
∣∣∣∣
(f0,0)
(f˙) = Πw,φ0 ◦
∂Fv,w
∂f
∣∣∣∣
(f0,0)
(
f˙ +
∂ψ
∂f
∣∣∣∣
(f0,0)
(f˙)
)
= 0
since, by differentiating (41) with respect to f , we get
(42)
∂ψ
∂f
∣∣∣∣
(f0,0)
(f˙) = 0.
To solve this problem, one can consider the map [15]:
G˜v,w(f, t) :=


Gv,w(f,t)
t if t 6= 0,
∂Gv,w
∂t
∣∣∣
(f,0)
if t = 0.
which is continuous on kφ0 × [0, 1]. We want to apply the implicit function theorem to
solve the equation
G˜v,w(f(t), t) = 0.
So we have to check that the derivative
(43) Qv,w :=
∂G˜v,w
∂f
∣∣∣∣∣
(f0,0)
,
is invertible. To simplify notations we denote the derivative with respect to t of (40)
by
φ˙(f) :=
∂φ
∂t
∣∣∣∣
(f,0)
.
By differentiating (41) with respect to t, we get
(44) (D∗φ0v(mφ0)Dφ0)(φ˙(f0)) + v(mφ0)Λφ0ω +
〈
(dv)(mφ0),mω
〉
= 0.
UNIQUENESS OF WEIGHTED EXTREMAL METRICS 18
A straightforward calculation yields
G˜v,w(f, 0) =−Πw,φ0 ◦Gv,w(f),
Gv,w(f) :=
D∗φv(mφ)Dφ(φ˙(f)) + v(mφ)Λφω +
〈
(dv)(mφ),mω
〉
w(mφ)
,
where φ := φ(f, 0). For f˙ ∈ kφ0 we denote fε := f0+ εf˙ and φε = fǫ+ψ(fε, t), we then
have
〈Qv,w(f˙), f˙〉w,φ0 :=
∫
X
(
d
dε
∣∣∣∣
ε=0
G˜v,w(fε, 0)
)
f˙w(mφ0)ω
[n]
φ0
=
d
dε
∣∣∣∣
ε=0
∫
X
Πw,φ0 [Gv,w(fε)]f˙w(mφ0)ω
[n]
φ0
=− d
dε
∣∣∣∣
ε=0
∫
X
Gv,w(fε)f˙w(mφε)ω
[n]
φε
−
∫
X
Gv,w(f0)f˙
d
dε
∣∣∣∣
ε=0
(w(mφε)ω
[n]
φε
)
=− d
dε
∣∣∣∣
ε=0
∫
X
Gv,w(fε)f˙w(mφε)ω
[n]
φε
(using (44) Gv,w(f0) = 0)
=− d
dε
∣∣∣∣
ε=0
∫
X
(
v(mφε)
(Dφε(φ˙(fε)),Dφε f˙)φε + [v(mφε)Λφεω + 〈(dv)(mφε),mω〉]f˙)ω[n]φε .
(45)
Using the following variational formulas,
d
dε
∣∣∣∣
ε=0
ω
[n]
φε
= −∆φ0(f˙)ω[n]φ0
d
dε
∣∣∣∣
ε=0
v(mφε) =
ℓ∑
i=1
v,i(mφ0)(d
cf˙)(ξi),
d
dε
∣∣∣∣
ε=0
〈(dv)(mφε),mω〉 =
ℓ∑
i,j=1
v,ij(mφ0)(d
cf˙)(ξj)m
ξi
ω ,
d
dε
∣∣∣∣
ε=0
Λφεω = −(ddcf˙, ω)φ0 ,
d
dε
∣∣∣∣
ε=0
Dφε f˙ = −Dφ0 |df˙ |2φ0 (see Lemma 12 below),
and the following calculation from the proof of [26, Lemma 4]
d
dε
∣∣∣∣
ε=0
∫
X
[v(mφε)Λφεω +
〈
(dv)(mφε),mω
〉
]f˙ω
[n]
φε
=
∫
X
v(mφ0)(ω, df˙ ∧ dcf˙)φ0ω[n]φ0
−
∫
X
(
Λφ0ω +
〈
(dv)(mφ0),mω
〉) |df˙ |2φ0ω[n]φ0 ,
we compute from (45):
〈Qv,w(f˙), f˙〉w,φ0 =
∫
X
(D∗φ0v(mφ0)Dφ0)(φ˙(f0))|df˙ |2φ0ω
[n]
φ0
−
∫
X
v(mφ0)(ω, df˙ ∧ dcf˙)φ0ω[n]φ0
+
∫
X
(
Λφ0ω +
〈
(dv)(mφ0),mω
〉) |df˙ |2φ0ω[n]φ0
=−
∫
X
v(mφ0)(ω, df˙ ∧ dcf˙)φ0ω[n]φ0 ,
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where we used (44) for the second equality. It follows that Qv,w is bejective on kφ0 .
Therefore, by the implicit function theorem, there exist a path (f(t))t∈(0,ǫ) ∈ kφ0 ,
f(0) = f0 such that Gv,w(f(t), t) = 0. From (41), we obtain
Fv,w(φ(f(t), t), t) = 0,
for any t ∈ (0, ǫ), which completes the proof. 
Lemma 12. We have
(46)
d
dε
∣∣∣∣
ε=0
Dφε f˙ = −Dφ0 |df˙ |2φ0 .
Proof. Using [22, Lemma 1.23.2], and the fact that f˙ is a Killing potential we obtain,
d
dε
∣∣∣∣
ε=0
Dφε f˙ =−
√
2
2
ωφ0((LV J)·, ·) where V :=
d
dε
∣∣∣∣
ε=0
gradφε(f˙)
=−
√
2
2
(∇φ0V ♭)−,
(47)
where the musical isomorphisme used in V ♭ is with respect to the metric ωφ0 . Using
the equation ωφε(gradφε(f˙), ·) = Jdf˙ , we obtain
V =(ddcf˙)(Jgradφ0(f˙), ·)
=LJgradφ0 (f˙)d
cf˙ − d((dcf˙)(Jgradφ0(f˙))) by Cartan formula,
=0− d|df˙ |2φ0 since Jgradφ0(f˙) is real holomorphic.
Substituting the above expression of V back into (47), the expression (46) follows. 
Now we are in position to proof Theorem 2
Proof of Theorem 2. Using Proposition 2, the proof of Theorem 2 is very similar to [15,
Corollary 1.3]. We give the argument for the sake of clarity. Suppose that ϕ0, ϕ˜0 ∈
K(X,ω)T, such that ωϕ0 , ωϕ˜0 are two T-invariant (v,w)-extremal metrics in the Ka¨hler
class α. Using Proposition 2, we get two paths φ : [0, ǫ)×X → R and φ˜ : [0, ǫ)×X → R
in K(X,ω)T such that φ0 (resp. φ˜0) is in the G-orbit of ϕ0 (resp. ϕ˜0) and φt (resp. φ˜t)
solves (34). Notice that φt and φ˜t are critical points of the functional Mtω(v,ℓext·w) :=
Mrelv,w + tEωv . Indeed, by (16) and (5), we have(
dMtω(v,ℓext·w)
)
φ
(φ˙) =
−
∫
X
(Scalv(φ)− t(v(mφ)Λωφω + 〈(dv)(mφ),mω〉)
w(mφ)
− ℓext(mφ)
)
φ˙w(mφ)ω
[n]
φ .
By convexity of Mrelv,w = M(v,ℓextw) along weak geodesics Theorem 4, and strict con-
vexity of Eωv along weak geodesics Corollary 4, it follows that the functionalMtω(v,ℓext·w)
is strictly convex on weak geodesics. Thus, φ = φ˜ on (0, ǫ) ×X. As ǫ → 0 we obtain
ϕ0 = f
∗ϕ˜0, for some f ∈ G. 
Remark 2. By [26, Corollary B.1], a (v,w)-extremal metric ω is always invariant
under the action of a maximal torus Autred(X). We can thus take in Theorem 2 T
to be a maximal torus. In this case G = AutTred(X)
◦ = Tc the complixified torus.
Indeed 1, by [26, Theorem B1] the group G is a reductive Lie group (at the level of Lie
algebras we have Lie(G) = k⊕ Jk where k is the Lie algebra of the connected compact
group K := IsomT0 (X,ω) ∩ G). As T ⊂ K is simultaneously central and maximal, it
1Thanks to V. Apostolov for this argument.
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follows that k = t, and thus K = T and G = Tc. Thus, when T is maximal, any two
(v,w)-extremal metrics ω1, ω2 ∈ α, there exist f ∈ Tc such that ω2 = f∗ω1.
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